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Definition of the derivative

Recall: As in the homework, we find that

1 d
dx (c) =0.

2 d
dx (x) =1.

3 d
dx

(√
x
)

= 1
2
√
x

.

4 d
dx

(
1
x

)
=−1

x2
.

Next we want to find the derivative of the power function f (x) = xn, for
any non-negative integer.
We will use the following:

zn − xn =
(z − x)(zn−1 + zn−2x + zn−3x2 + · · ·+ z2xn−3 + zxn−2 + xn−1)︸ ︷︷ ︸

n terms each of power n−1

.

f ′(x) = limz→x
f (z)−f (x)

z−x
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Power Rule

Theorem

d

dx
(xn) = nxn−1

Let f (x) = xn, then

f ′(x) = lim
z→x

f (z)− f (x)

z − x

= lim
z→x

zn − xn

z − x

= lim
z→x

(z − x)(zn−1 + zn−2x + · · ·+ zxn−2 + xn−1)︸ ︷︷ ︸
n terms each of power n−1

(z − x)

= lim
z→x

(zn−1 + zn−2x + zn−3x2 + · · ·+ z2xn−3 + zxn−2 + xn−1)︸ ︷︷ ︸
n terms each of power n−1

= xn−1 + xn−2x + xn−3x2 + · · ·+ x2xn−3 + xxn−2 + xn−1)︸ ︷︷ ︸
n terms of power n−1

= nxn−1
Dr. Abdulla Eid (University of Bahrain) Rules 3 / 12



Dr
. A
bd
ull
a
Ei
d

Continue...

= lim
z→x

(zn−1 + zn−2x + zn−3x2 + · · ·+ z2xn−3 + zxn−2 + xn−1)︸ ︷︷ ︸
n terms each of power n−1

= xn−1 + xn−2x + xn−3x2 + · · ·+ x2xn−3 + xxn−2 + xn−1)︸ ︷︷ ︸
n terms of power n−1

= xn−1 + xn−1 + xn−1 + · · ·+ xn−1 + xn−1 + xn−1)︸ ︷︷ ︸
n terms of power n−1

= nxn−1
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Example

1 d
dx

(
x5
)
= 5x4.

2 d
dx

(
x2
)
= 2x .

3 d
dx

(
x3
)
= 3x2.

4 d
dx (x) = 1x0 = 1.

5 d
dx (x

e) = exe−1.

6 d
dx

(
x−10

)
= − 10x−10−1 = − 10x−11.

7 d
dx

(√
x
)
= d

dx

(
x−

1
2

)
= − 1

2x
− 1

2 .

8 d
dx

(
6
√
x7
)
= d

dx

(
x

7
6

)
= − 7

6x
1
6 .

9 d
dx

(
1

x3
√
x

)
= d

dx

(
1

x
7
2

)
= d

dx

(
x−

7
2

)
= − 7

2x
− 7

2−1 = − 7
2x
−−92 .
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Constant Factor Rule

Theorem

d

dx
(cf (x)) = c

d

dx
(f (x))

Let F (x) = cf (x).

d

dx
(c · f (x)) = F ′(x) = lim

h→0

F (x + h)− F (x)

h

= lim
h→0

c · f (x + h)− (c · f (x))
h

= lim
h→0

c · f (x + h)− f (x)

h

= c lim
h→0

f (x + h)− f (x)

h

= c
d

dx
(f (x))
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1 d
dx

(
5x2
)
= 5 d

dx

(
x2
)
= 8 · 2x = 10x .

2 d
dx

(
8
x5

)
= 8 d

dx

(
1
x5

)
= 8 d

dx

(
x−5

)
= − 40x−6.

3 d
dx

(
7x3 4
√
x
)
= 7 d

dx

(
x

13
4

)
= − 7·13

4 x−
9
4 .
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Sum Rule

Theorem

d

dx
(f (x) + g(x)) = c

d

dx

(
f (x) +

d

dx
(g(x))

)
Let F (x) = f (x) + g(x).

d

dx
(f (x) + g(x)) = F ′(x) = lim

h→0

F (x + h)− F (x)

h

= lim
h→0

f (x + h) + g(x + h)− (f (x) + g(x))

h

= lim
h→0

f (x + h) + g(x + h)− f (x)− g(x)

h

= lim
h→0

f (x + h)− f (x)

h
+

g(x + h)− g(x)

h

=
d

dx
(f (x)) +

d

dx
(g(x))
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Example

(Old Exam Question) Find y ′ and simplify:

1 y = x3

3 −
2
x2

.

2 y = x2(4x + 6).

3 y = x8+x5

x2
.

4 y =
√

2 + e
√
2 + ln

√
2.

5 x3 − ln 2.

Solution:

1 y = 1
3x

3 − 2x−2 →y ′ = 3
3x

2 + 4x−3 =x2 + 4
x3

.

2 y = 4x3 + 6x2 →y ′ = 12x2 + 12x .

3 y = x6 + x3 →y ′ = 6x5 + 3x2.

4 y ′ = 0.since all functions are constant functions.

5 y ′ = 3x2.
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Example

(Old Exam Question) Find all the points on the curve y = x3 − 3x + 6
where the slope of the tangent line is 9.

Solution: Recall that the slope of the tangent line is the derivative, we
need to find the derivative and make it equal to 9.

Slope of the tangent line = 9

f ′(x) = 9

3x2 − 3 = 9

3x2 − 12 = 0

x = 2 or x = −2 by the formula in Section 0.8

The points are then
(2, 8) and (−2, 4)
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Example

(Old Final Exam Question) Find an equation of the tangent line to the
curve f (x) = 5− 4

√
x at x = 1.

Solution: Recall that the slope of the tangent line is the derivative. so we
have

f (x) = 5− x
1
4 → f ′(x) = −1

4
x−

5
4

m = f ′(1) =
1

4

Now x1 = 1 and y1 = f (1) = 4. Hence the equation of the tangent line is

y − y1 = m(x − x1)

y − 4 =
1

4
(x − 1)

4y − 16 = x − 1

4y − x = 15
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Exercise

(Old Final Exam Question) Find an equation of the tangent line to the

curve f (x) =
√
x(2−x2)

x at x = 4.
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