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Goal:

@ To define the inverse of a matrix.
@ To find the inverse of a matrix.

© To explore some of the properties of the inverse of matrices.
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1 - Definition of the inverse of a matrix
Recall:
o If ais a real number, then the additive inverse of a is —a, such that

at+(—a)=0and (—a)+a=0

o If ais a nonzero real number, then the multiplicative inverse of a is

%, such that

1
f—land- a=1

L

e If f is a function passing the horlzontal line test, then the inverse of f
is f~1 such that

(Fof 1) (x)=xand (flof)(x)=x

Definition 1

Let A be an n x n—matrix. The inverse matrix (if it exists) of A is
another matrix A~! such that

A-A =] and A1 A=,
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2 - How to find the inverse of a matrix

We write
(Alln) (1)

and then we reduce (1) to get,
(A7)

Note: If we can't reduce (1), then the matrix has no inverse.

Dr. Abdulla Eid (University of Bahrain) Inverse of a matrix 4/16



Example 2

Find A~ for
3 1
A= (3 3)
Solution:
3110
(4 1] 0 1)' R 3R
1 2] Lo
3 3 _
(4 1 | 0 1), R2—>R2 4R1
1 1
4—4(1) 1-4(3) | 0-4(3) 1-4(0))"
1 L Lo 1
3 3 Ry = —R,
1 4 ) 2 —1 "2
(0 5 | 51 5
1 1] Lo
3 3 — =
(0 1| 4 —3)' Ri= R 3k
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Thus,
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To check our answer, we must show that AA™1 =/, and A=A = /,. We
have that AA™1 =

-1 1

4 -3

(3 1) (3(—1)+1(4) 3(1)+1(—1))
4 1) \4(-1)+1(4) 4(1)+1(-3)

10
(o 1)
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To check our answer, we must show that AA™1 =/, and A=A = /,. We

have that A~1A =

( )

(—1 1 ) (—1(3)+1(4) —1(1)+1(1)>

4 —3)\a@)+=3(4) 4(1)+-3(1)
1.0
—\0 1) =h
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Example 3
Find A~ for

= 3)

Solution:

1
3
1 1 1 0
(3—3(1) 3-3(1) | 0—3(1) 1—3(0))'
1 1] 10
<o 0| -3 1)'

Since we couldn’t reduce the matrix above, then it has no inverse!

| (]). (])->, RQ—)R2—3R1
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Exercise 4
Find the inverse of

(

L9 sciwe
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Example 5

Find A~! for
2 1
A= |4 -1
1 -1
Solution:
2 1. 0] 100
4 -1 5 | 01 0], R <> R;
1 -1 2| 001
1 -1 2| 001
4 -1 5 | 010], R, - Ry —4R1,R3 — R3 — 2R,
2 1. 0] 100
1 -1 2 | 0 0 1
4—4(1) —1—4(-1) 5—4(2) | 0—4(0) 1—4(0) 0—4(1) ],
2—-2(1) 1-2(-1) 0-2(2) | 1-2(0) 0-2(0) 0—2(1)
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1 -1 2 |00 1 )

0.3 =3 ]01 4], R-R

0 3 —4 |10 -2

1 -1 2 |00 1

0o 1 -1 ] o0 % F]|, R3s = R3— 3Ry, Ri — Ri + Ry
0 3 —4 |10 -2

1+0 —-1+1 2+-1 | 040 0+1% 14+ 3
0 1 -1 | 0 : — :
0 3-3(1) —4-3(-1) | 1-3(0) 0-3(3) —2-3(3}
10 1 |0 % 5

01 -1 | 0 3 %4 , R3s — —Rj

00 -1 ] 1 -1 2
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10 1 | 0 %%
01 -1 | 0 3 _T , Ro—Ry+R3,Ri > Rl — Rs
00 1 | -1 1 =2
1-0 0-0 1-1 | 0—(-1) %—1 %—(—2)
0+0 14+0 —1+4+1 | 0+(-1) 35+1 F+(-2)],
0 0 1| —1 1 -2
100 | 1 —72 2
o1o | -1 3 2],
001 | -1 1 =2
Thus,
1 =2 5
3
A I
-1 1 -2
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To check our answer,
have that AA~! =
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we must show that AA~1 =/, and A"1A=1,. We
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To check our answer, we must show that AA~1 =/, and A~1A = /,. We

have that A~1A =

-1
-1
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|
= wl-hwlm

2 1.0
4 -1 5
1 -1 2
2 100
2] lo 10
-2/ \0 0 1
100

=10 10]=kh
00 1
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Properties

© The inverse is unique. We already have seen this!
@ (Socks-shoes property) (AB)~! = B71A 1.

Q@ (A )t =1, Why?

Q AT=AA...Aand A" = A"1A"L A"

(5 (AT)—l — (A—l)T
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